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Lattice dynamics, crystal-field excitations, and quadrupolar fluctuations of YbRu2 Ge2
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We employ polarization-resolved Raman scattering spectroscopy to study ferroquadrupolar (FQ) fluctuations
and crystal-field (CF) excitations in the YbRu2 Ge2 heavy-fermion metal with FQ transition at TQ = 10 K. We
demonstrate that the electronic static Raman susceptibilities in quadrupolar symmetry channels exhibit nearly
Curie law behavior and that the electron-lattice coupling is essential for the FQ transition at TQ . We establish
the CF level scheme of the Yb3+ ground state 2 F7/2 multiplet. We study the lattice dynamics and demonstrate
coupling between CF transitions and phonon modes.
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I. INTRODUCTION

Multipolar interactions and related ordering phenomena
have attracted great interest because, unlike commonly known
long-range orders of electric or magnetic dipole moments,
multipoles are often related to more exotic phases which
are difficult to probe directly by conventional methods [1,2].
For systematic investigation of the collective behavior of
multipole moments, f -electron systems are suitable choices
since the strong coupling between spin and orbital degrees
of freedom of f electrons facilitates multipole formation.
Indeed, the actinide dioxides with 5 f electrons exhibit a
variety of multipolar ordering phenomena [2]. For lanthanides
with 4 f electrons, multipolar, especially quadrupolar, orders
have been discovered for different systems [3–7].
YbRu2 Ge2 , a heavy-fermion metal with tetragonal structure (space group I4/mmm, No. 139; point group D4h ), has
been suggested to hold a ferroquadrupolar (FQ) order at low
temperature [8–15]. It undergoes a second-order phase transition at TQ = 10 K, before entering into an antiferromagnetic
(AFM) phase below TN1 = 6.5 K [8,13]. At TN2 = 5.5 K,
there may exist a small change in the magnetic structure
[11,13]. Early studies show that the transition at TQ is not
magnetic, and TQ increases when magnetic field is applied
along the easy direction [8,13]. This behavior at TQ is similar
to that of TmAu2 at its FQ ordering temperature [16], hence
suggesting a FQ phase in YbRu2 Ge2 . The existence of a FQ
order is further supported by recent elastoresistivity studies
in which above TQ the elastoresistivity in the quadrupolar
symmetry channels displays a Curie-Weiss behavior [14].
Below TQ , an orthorhombic structural distortion is observed
by x-ray diffraction, which confirms that the FQ state breaks
B1g (x 2 − y2 ) symmetry [14].
The FQ order, namely, the ordering of Yb3+ 4 f -electron
charge distribution at zero wave vector, can be probed indirectly by studying the lattice dynamics and crystal-field (CF)

excitations. In a FQ arrangement, aligned charge quadrupoles
uniformly distort the lattice via a coupling between the
quadrupole moment and the strain field with the same symmetry. The induced distortion reduces the point-group symmetry
of the lattice system, splitting degenerate phonon modes;
the distortion also modifies the energy and lifetime of the
phonon modes of the same symmetry. Such anomalies can
be revealed by investigating the phonon spectra. In addition,
the quadrupolar moments are carried by the CF ground state
of Yb3+ . The tetragonal CF potential splits the 2 F7/2 ground
multiplet into two 6 and two 7 Kramers doublets. The magnetic entropy right above TQ is nearly R ln 4 [8], suggesting
that the CF ground state is a quasiquartet consisting of two
quasidegenerate Kramers doublets. The quasiquartet ground
state was recently confirmed by angle-resolved photoemission
spectroscopy studies [15]. This quasiquartet near degeneracy
is essential for forming a quadrupolar ground state and deserves detailed study.
Raman spectroscopy is a conventional tool for studying
phonon modes [17] and CF excitations [18]. Here we study
the lattice dynamics, low-energy quadrupole fluctuations, and
CF excitations in YbRu2 Ge2 . We assign four Raman-active
phonon modes and reveal an anomalous intensity enhancement of two phonon modes on cooling. The three CF transitions within the 2 F7/2 ground multiplet are identified, and
a CF level scheme is in turn established. We demonstrate
that the low-energy Raman response undergoes remarkable
enhancement on cooling towards TQ and that the static electronic Raman susceptibility in the corresponding quadrupole
channels follows nearly perfect Curie behavior, signifying
that the relatively strong coupling to the lattice in the B1gsymmetry channel enhances by about 10 K the vanishingly
small electronic Weiss temperature to the FQ transition temperature TQ .

II. EXPERIMENT
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Single crystals of YbRu2 Ge2 were grown using the flux
method; details of the growth can be found in Ref. [14].
235104-1

©2019 American Physical Society

YE, ROSENBERG, FISHER, AND BLUMBERG

PHYSICAL REVIEW B 99, 235104 (2019)

TABLE I. The relationship between the scattering geometries
and the symmetry channels. For scattering geometry Ei Es , Ei , and
Es are the polarizations of incident and scattered light. X, Y, X , Y ,
and Z are the [100], [010], [110], [110], and [001] crystallographic
directions; R and L are right- and left-circular polarizations. A1g, A2g,
B1g, B2g, and Eg are the irreducible representations of the D4h group.
Scattering geometry

Symmetry channel

XX
XY
X X
X Y
XZ
RR
RL

A1g + B1g
A2g + B2g
A1g + B2g
A2g + B1g
Eg
A1g + A2g
B1g + B2g

Two samples were used in this study: one was cleaved in
ambient conditions to expose its xy crystallographic plane;
the other had a clean as-grown xz crystallographic plane. The
xy crystallographic plane was examined under a Nomarski
microscope to find an about 200 × 200 μm2 strain-free area.
Raman scattering measurements were performed in a
quasibackscattering geometry from the sample placed in a
continuous-helium-gas-flow cryostat. We used 476.2-, 647.1-,
and 752.5-nm lines from a Kr + ion laser for excitation. Incident light with no more than 14-mW power was focused on
a 50 × 100 μm2 spot. Particularly, for measurements below
10 K, the power of the incident light was reduced to 2 mW.
The temperatures reported in this paper were corrected for
laser heating, which was estimated to be 0.75 ± 0.25 K/mW
[19].
Seven polarization configurations were employed to probe
excitations in different symmetry channels. The relationship
between the scattering geometries and the symmetry channels
[20] is given in Table I.
We used a custom triple-grating spectrometer with a liquidnitrogen-cooled charge-coupled device detector for analysis
and collection of the scattered light. The data were corrected for the spectral response of the system. The measured
secondary-emission intensity I (ω, T ) is related to the Raman
response χ  (ω, T ) by I (ω, T ) = [1 + n(ω, T )]χ  (ω, T ) +
L(ω, T ), where n is the Bose factor, ω is energy, and T is
temperature. L(ω, T ) represents the far tail of photoluminescence, which in the narrow spectral window of interest was
approximated by a linear frequency dependence.
III. RESULTS AND DISCUSSION

FIG. 1. Raman response χ  (ω, T ) of four Raman-active optical
phonon modes at low temperature measured with the 647.1-nm
excitation. The XX and XZ spectra are offset by 1.5 and 3 arbitrary
units (arb. units), respectively. The spectral resolution is 1.0 cm−1 .

by fitting the measured spectral peaks with Lorentzian line
shapes.
The temperature dependence of both frequency and
FWHM of the phonon modes [Figs. 2(a) and 2(b)] is in
accordance with a simple model assuming anharmonic decay
into two phonons with identical frequencies and opposite
momenta [21,22]:


2
ω(T ) = ω0 − ω2 1 + h̄ω /2k T
,
(1)
e 0 B −1
and


(T ) = 0 + 2 1 +

2
eh̄ω0 /2kB T − 1


.

(2)

The fitting results are summarized in Table III. Small
deviations between the measured energy and the fitting curve
for the B1g mode could be due to additional decay channels,
for example, decay into one acoustic mode and one optical
mode.
The integrated intensity of the A1g and Eg(2) phonon modes
increases more than 50% on cooling, in contrast to the behavior of the B1g phonon mode, whose integrated intensity
is nearly temperature independent [Fig. 2(c)]. The increase
of the integrated intensity on cooling suggests a coupling
TABLE II. Summary of the energy of the phonon and crystalfield (CF) modes. The coupled CF and phonon modes are labeled
by “(c).” Results of this work are compared to the inelastic neutron
scattering (INS) study [38]. Units are cm−1 .

A. Lattice dynamics

The spectra of phonon modes are presented in Fig. 1. By
group theory, four Raman-active optical phonon modes are
expected for the YbRu2 Ge2 structure: A1g ⊕ B1g ⊕ 2Eg. The
A1g and B1g modes are accessible in XX geometry, and Eg
modes are accessible in XZ geometry. The phonon energies
at 13 K are tabulated in Table II.
In Fig. 2 we show the temperature dependence of the
spectral parameters (energy, FWHM, and integrated intensity)
of the phonon modes. The spectral parameters were obtained

Mode

This work

INS

6(1) → 7(1)
6(1) → 7(2)
6(1) → 6(2) (c)

2
95
239

89

A1g (c)
B1g
Eg(1)
Eg(2) (c)

268
168
138
301
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TABLE III. The fitting parameters for the energy and FWHM of
the four Raman-active optical phonon modes.
Mode
Eg(1)
B1g
A1g
Eg(2)

ω0

ω2

0

2

138.4 ± 0.1
0.70 ± 0.03
1.7 ± 0.5
0.3 ± 0.1
167.92 ± 0.01 0.212 ± 0.002 6.08 ± 0.02 0.094 ± 0.005
270.15 ± 0.04 2.27 ± 0.02
3.6 ± 0.1
1.71 ± 0.07
303.32 ± 0.02 2.67 ± 0.01 2.98 ± 0.05 0.75 ± 0.03

should split the two Eg phonon modes [24]. However, as
shown in the insets of Fig. 2, B1g and Eg phonon modes do not
exhibit a significant anomaly across TQ . Eg phonon modes do
not show notable splitting at 4.5 K either (Fig. 1). The splitting
of the Eg(1) phonon mode is challenging to observe due to its
weak intensity. Because the FWHM of the Eg(2) phonon mode
is 4 cm−1 at 4.5 K, we set the upper limit of the splitting of the
Eg phonon modes to be about 4 cm−1 at 4.5 K.
B. Quadrupolar fluctuations

FIG. 2. Temperature dependence of (a) the energy, (b) the
FWHM, and (c) the integrated intensity of the Raman-active optical
phonon modes. The energy and integrated intensity are normalized
to their respective values at 304 K. The integrated intensity of
the very weak Eg(1) phonon mode is not shown. The solid lines
in (a) and (b) represent the fits to the anharmonic decay model
[21,22], while the solid lines in (c) represent the fits to Eq. (14).
Insets: close-ups of the low-temperature data points showing how the
physical properties change across the phase-transition temperature
TQ = 10 K. The dashed line in the insets indicate TQ . The vertical
error bars are derived from Lorentzian fits and represent one standard
deviation; the horizontal error bars are derived from the uncertainty
of laser heating estimation.

of a CF transition to these two phonon modes [23]. This
coupling is enhanced when the energies of the CF splitting
and the phonon modes are close. Indeed, such a CF excitation,
239 cm−1 at 13 K, exists. The mechanism of this coupling will
be discussed in Sec. III C 2 below.
Because the FQ order parameter is of B1g symmetry [14],
the energy and lifetime of the B1g phonon mode are expected
to exhibit anomalies across TQ due to electron-phonon coupling. Moreover, breaking of the fourfold rotational symmetry

In the tetragonal phase above TQ , the fourfold rotational
symmetry along the z axis is preserved, and the CF ground
state supports no static xy-plane quadrupole moment. However, dynamical quadrupolar fluctuations with zero time average quadrupolar moment are allowed [25].
In Fig. 3 we show the spectra of low-energy quadrupolar
fluctuations. They are present in RL geometry but absent in
RR geometry [Fig. 3(a)]. By group theory, the absence of A1g
and A2g components indicates that the CF ground state is a
quasiquartet composed of one 6 doublet and one 7 doublet.
The static Raman susceptibility χμ (0, T ) in the symmetry
channel μ (μ = B1g or B2g) can be obtained from the Raman
response χμ (ω, T ) by virtue of the Kramers-Kronig relation
[26,27]:

2 ωmax χμ (ω, T )
dω,
(3)
χμ (0, T ) =
π 0
ω
in which we choose the upper cutoff for the spectra of fluctuations at ωmax = 40 cm−1 (see Fig. 3).
We use the Drude line shape
χμ (ω, T ) ∝

Qμ2 ω
ω2 + γμ2

(4)

to extrapolate the Raman response below the instrumental cutoff 5 cm−1 . In Eq. (4), Qμ is the magnitude of the quadrupolar
moment, and γμ reflects the decay rate. In the Raman scattering process light couples to the system’s charge quadrupole
moment.
Theoretically, the low-energy Raman response in the
quadrupolar channels contains both the lattice and the electronic contributions [26,27]. However, the energy of lattice fluctuations is much lower than the instrumental cutoff
(5 cm−1 ), and Eq. (4) takes into account only the electronic
contribution. Thus, only electronic quadrupole fluctuations
are included in the derived susceptibility χμ (0, T ).
The obtained temperature dependence of the static electronic Raman susceptibilities for both B1g and B2g quadrupole
channels is shown in Fig. 4. The static Raman susceptibility
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647nm
15K

(b)

752nm
B1g

FIG. 4. Temperature dependence of the static electronic Raman
susceptibility χ (0, T ) for B1g (red) and B2g (blue) quadrupole channels derived from the Raman response shown in Fig. 3. Inset: temperature dependence of 1/χ (0, T ). The solid lines are Curie-Weiss fits,
Eq. (5). The vertical error bars represent one standard deviation; the
horizontal ones are derived from the uncertainty of the laser heating
estimation.

(c)

752nm
B2g

FIG. 3. Raman response χ  (ω, T ) for (a) RR and RL scattering
geometries with the 647.1-nm excitation, (b) X Y geometry with
the 752.5-nm excitation, and (c) XY geometry with the 752.5-nm
excitation. The solid lines are Drude fits, Eq. (4). The error bars
represent one standard deviation.

χμ (0, T ) obeys Curie-Weiss temperature dependence
χμ (0, T ) ∝

Qμ2

T − TWμ

,

(5)

where TWμ is the Weiss temperature:
TWμ

=

κμ Qμ2 ,

Although itinerant electrons provide effective coupling between the local magnetic dipole moments at Yb3+ sites and
the resulting Ruderman-Kittel-Kasuya-Yosida interaction [29]
leads to AFM order below TN1 = 6.5 K, these itinerant electrons do not provide a significant effective coupling between
the local electric quadrupole moments at Yb3+ sites.
The true B1g-symmetry FQ order develops at TQ = 10 K
B
[14], about 10 K above the Weiss temperature TW 1g . Because
YRu2 Ge2 , the nonmagnetic analog of the same structure, has
no orthorhombic transition [14,30], the quadrupolar fluctuations of the YbRu2 Ge2 lattice themselves should have little
tendency towards a structural instability. Nevertheless, coupling between the lattice strain fields and the local electronic
quadrupole moments of the same symmetry enhances the
transition temperature [26,27,31,32]:




TQμ = TWμ + λ2μ /Cμ Qμ2 = κμ + λ2μ /Cμ Qμ2 ,

where λμ measures the coupling between the local charge
quadrupole moments on Yb3+ sites and the lattice strain
fields and Cμ is the symmetrized elastic constant, which is
(C11 –C12 )/2 for the B1g channel or C66 for the B2g channel
[33]. The true quadrupolar transition temperature TQ equals
the largest of two TQμ . Because the FQ order in YbRu2 Ge2 has
B

(6)

in which κμ measures the strength of the electronic intersite
quadrupolar interactions.
By fitting the data, the ratio of QB1g to QB2g is determined
B
to be nearly 1.4. The derived Weiss temperatures are TW 1g ∼
B2g
−2 and TW ∼ +2 K [28]. The nearly exact Curie law is
not surprising because both direct exchange and superexchange between local quadrupolar moments are expected to
be vanishingly weak due to the compactness of the f orbitals.

(7)

B

B1g symmetry, TQ 1g = TQ , and nonrealized TQ 2g < TQ .
Tuning an additional parameter (magnetic field, pressure,
or doping, for instance) may affect the electron-lattice coupling and induce a transition from B1g FQ ordering to B2g FQ
ordering. Indeed, although TQ stays constant up to application
of 9 GPa of pressure with zero magnetic field [11] and
increases with in-plane magnetic field at ambient pressure
[8], experimental results do show suppression of TQ by Si
[12] or Rh [15] doping and by applying magnetic field under
1.23-GPa pressure [11]. These results suggest a competition
between B1g- and B2g-symmetry FQ order.
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FIG. 5. Raman response χ  (ω, T ) of the CF excitations from
the quasiquartet to the remaining two CF levels at low temperature.
The dashed lines indicate the position of the two CF transitions.
(a) The spectra for four linear polarizations measured at 11 K with
the 476.2-nm excitation. The XX and X X spectra are offset by
0.5 arbitrary units (arb. units). The spectral resolution is 3.5 cm−1 .
(b) The spectra for two circular polarizations measured at 15 K with
the 647.1 nm excitation. The RR spectrum is offset by 0.5 arbitrary
unit. The spectral resolution is 2.5 cm−1 .

different symmetry channels may vary due to the matrix
element effect.
The lowest-energy CF transition, namely, the transition
between the two quasidegenerate Kramers doublets, does
not clearly exhibit itself in the low-energy Raman spectra
(Fig. 3). The CF excitations from the ground state to the
remaining two higher-energy states are shown in Fig. 5 at
95 and 239 cm−1 . These two transitions are expected to appear in all Raman-active symmetry channels because the two
low-lying doublets within the quasiquartet have roughly the
same population at 11 K. With the 476.2-nm excitation, the
95-cm−1 transition indeed appears as a weak peak for four
linear polarizations, while the 239-cm−1 transition overlaps
with the strong A1g phonon mode. With the 647.1-nm excitation, instead, the 95-cm−1 transition becomes weaker, but
the 239-cm−1 transition is identifiable, manifesting itself as a
peak in the RL spectrum and a shoulder in the RR spectrum.
The symmetry of the CF levels is assigned by the following
argument: because YbRh2 Si2 and YbIr 2 Si2 , which have the
same lattice structure as YbRu2 Ge2 , both have a 6 CF
ground state [35,36], we suggest that the CF ground state
of YbRu2 Ge2 is also of 6 symmetry (denoted as 6(1) ). The
other Kramers doublet within the quasiquartet, in turn, has 7
symmetry (denoted as 7(1) ).
The small difference in the excitation energy measured
in the RR and RL geometries near 239 cm −1 [Fig. 5(b)]
serves as an estimation of the quasiquartet splitting. Using the
Lorentzian fits, we find that the excitation energy measured
in the RR geometry is higher by 2 ± 1 cm−1 than that in the
RL geometry at 25 and 15 K. Therefore, the symmetry of the
CF state at 239 cm−1 is defined to be 6 (denoted as 6(2) ),
and the quasiquartet splitting is estimated to be 2 ± 1 cm−1 .
Because there are only two 6 and two 7 states within the
2
F7/2 multiplet, the CF state at 95 cm−1 can have only 7
symmetry (denoted as 7(2) ).
The energies of the CF excitations at 15 K are summarized
in Table II [37].
In an inelastic neutron scattering study of YbRu2 Ge2 ,
excitations at 89, 170, and 260 cm−1 were resolved at 5 K
−1
with the magnitude of momentum transfer being ∼1.9 Å
[38]. Their data match well our assignments; the comparison
is shown in Table II. This consistency not only supports our
assignments but also suggests that the CF excitations and
optical phonon modes have little dispersion.
1. Angular electron-cloud distribution of the crystal-field states

We use the following single-ion Hamiltonian to calculate
the angular electron-cloud distribution at Yb sites:
H = HCF + HB1g .

C. Crystal-field excitations

(8)

The first term in Eq. (8),

Within the 2 F7/2 multiplet, there are three CF excitations
corresponding to transitions from the CF ground state to the
three CF excited states. From group-theoretical considerations [34], the CF transitions between levels of the same
symmetry (i.e., 6 → 6 or 7 → 7 ) contain A1g, A2g, and
Eg representations, whereas those between levels of different
symmetries (i.e., 6 → 7 or 7 → 6 ) contain B1g-, B2g-,
and Eg-symmetry representations. The Raman intensities in

HCF = B20 Ô20 + B40 Ô40 + B44 Ô44 + B60 Ô60 + B64 Ô64 ,

(9)

is the general expression for a CF potential of tetragonal site
symmetry [39]. The Ô20 , Ô40 , Ô44 , Ô60 , and Ô64 operators are
Stevens operators [40]. The five B’s are the CF coefficients.
From the CF level diagram, we cannot uniquely determine
the CF Hamiltonian and wave functions if we assume tetragonal site symmetry. Hence, we approximate the real tetragonal
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CF potential with a dominating cubic CF potential [41] plus a
small Ô20 axial term:




HTetra = B20 Ô20 + B4 Ô40 + 5Ô44 + B6 Ô60 − 21Ô64 . (10)
A cubic CF potential would split the 2 F7/2 multiplet into
one quartet 8 state, one doublet 7 state, and one doublet
6 state of the Oh group. Reducing the cubic symmetry to
the tetragonal symmetry, the quartet 8 state of the Oh group
would be split into one 7 state and one 6 state of the
D4h group. Because YbRu2 Ge2 has a quasiquartet CF ground
state, it is possible that this quasiquartet is induced by a small
tetragonal perturbation to a large cubic CF potential. This
small perturbation is represented by the first term in Eq. (10).
We cannot rule out an alternative scenario that the quasiquartet
CF ground state of YbRu2 Ge2 has accidental degeneracy,
rather than is derived from the quartet 8 state of cubic
symmetry. Nevertheless, the Hamiltonian HTetra preserves the
fourfold rotational symmetry along the z axis and is sufficient
to provide qualitative insights. In Appendix A we show that
based on our assumption, the ratio of QB1g to QB2g is calculated
to be 1.34, close to the experimentally determined ratio of 1.4
(Sec. III B). This consistency supports our choice of Eq. (10).
Experimentally, the wave function of the CF ground state
could be determined by core-level nonresonant inelastic x-ray
scattering, which has been used for Ce-based heavy-fermion
systems [42].
The second term in Eq. (8),
HB1g

 V
V 2
Jˆ − Jˆy2 = (Jˆ+2 + Jˆ−2 ),
=
2 x
2

(11)

represents the effective quadrupole-field (QF) potential of B1g
symmetry. V measures the strength of the QF potential.
Above TQ , there is no static B1g QF potential, and we define
H = HTetra . We diagonalize HTetra in the basis of |J, mJ ,
where J = 7/2 and mJ are the quantum numbers of Ĵ and
Jˆz , respectively. After diagonalization, the CF transition energies can be expressed in terms of B20 , B4 , and B6 . We fit
the experimentally determined CF level diagram by these
three adjustable parameters. There are four sets of parameters
which reproduce the level diagram, and we choose the set
with the smallest B20 value. The fitting results thus are B20 =
−0.164 cm−1 , B4 = 0.0518 cm−1 , and B6 = −0.00442 cm−1 .
The corresponding angular electron-cloud distribution of the
CF states is plotted in Fig. 6.
Below TQ , there is a finite static B1g QF potential; here we
define H = HTetra + HB1g . We assume that the values of B20 ,
B4 , and B6 do not change. We diagonalize H in the basis of
|J, mJ , and after diagonalization, the CF transition energies
can be expressed in terms of V . We find that V = 0.523 cm −1
renders an additional 2 cm−1 splitting of the ground quartet. In
Fig. 7, we plot the angular electron-cloud distribution of the
ground quartet for V = 0.523 cm−1 . The charge distribution
looks different from the [100] and [010] directions because
the 5(1) and 5(2) doublets carry B1g quadrupole moment.
Furthermore, the quadrupole moment carried by the 5(1) state
and that carried by the 5(2) state have approximately the same
magnitude but opposite signs [43].
The FQ phase transition reflects the competition between
the entropy and energy terms in the Helmholtz free energy

FIG. 6. Schematic energy diagram of the CF states (red horizontal lines) and the phonon modes (blue horizontal lines). The coupled
CF transition and phonon modes are circled in purple. On the left are
the angular electron-cloud distributions of the four CF states; on the
right are the vibration patterns of the phonon modes.

of the system. Above TQ , the entropy term dominates, and
the system prefers a quasidegenerate CF ground state. Below
TQ , instead, the system pursues the lowest possible energy,
and an orthorhombic quadrupolar field fulfills the goal: this
field mixes the wave functions of the quasidegenerate 6(1)
and 7(1) states, increasing their separation and in turn reducing the ground-state energy. In view of group-theoretical

FIG. 7. (a) The effect of the B1g quadrupole-field potential on the
ground quasiquartet. The 6(1) and 7(1) doublets of the D4h group are
mixed to form the 5(1) and 5(2) doublets of the D2h group. The wave
functions are expressed in the basis of |J = 7/2, mJ . (b) The angular
electron-cloud distribution of the 5(1) and 5(2) doublets viewed from
three orthogonal directions.
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considerations, the 6 and 7 irreducible representations of
the D4h group become the 5 representation of the D2h group.
Correspondingly, the 6(1) and 7(1) states of the D4h tetragonal
phase are mixed by the Hamiltonian HB1g and become the 5(1)
and 5(2) states of the D2h orthorhombic phase.
There are two obvious choices for the macroscopic order
parameter of the B1g-symmetry FQ phase. The first is static
uniform the quadrupole moment per unit volume:


(12)
∝ n (1) − n (2) QB1g ,
5

5

where n (1) and n (2) are the occupancies of the 5(1) and
5

5

5(2) states, respectively. The second choice is the lattice
orthorhombicity, which couples to the quadrupolar order:
∝

a−b
,
a+b

(13)

where a and b are the in-plane lattice constants. The orthorhombicity as a function of temperature was measured by
x-ray diffraction in Ref. [14].
2. Coupling between the crystal-field transition and the phonon
modes

The coupling between the 6(1) → 6(2) CF transition and
the A1g and Eg(2) phonon modes originates from the modulation of the electron-cloud distribution of CF states by
lattice vibration (Fig. 6). Such coupling is allowed by group
theory because 6 ⊗ 6 = A1g ⊕ A2g ⊕ Eg. We note that the
phonon energy and linewidth can be well accounted for by
the anharmonic decay model [Figs. 2(a) and 2(b)], suggesting
that renormalization due to electron-phonon coupling is small.
In the Appendix B we show that for small coupling strength,
the temperature dependence of the integrated intensity of
the phonon modes II(T ) has the following phenomenological
expression:
II(T ) = A f (1) (T )[1 − f (2) (T )] + B,

Because the splitting between the 6(1) and 7(1) states is only
2 cm−1 , including the contribution from the 7(1) → 6(2) CF
mode will influence only the fitting curve at a temperature
much lower than TQ , a temperature range where Eq. (14) is
invalid.
We use Eq. (14) to fit the phonon intensity data above
10 K in Fig. 2(c). For the A1g phonon mode, A = 3.14 ± 0.08,
and B = 0.06 ± 0.03; for the Eg(2) phonon mode, A = 2.08 ±
0.05, and B = 0.35 ± 0.02. These values show that at low
temperature, the integrated intensity of the A1g and Eg(2) modes
is mainly contributed by the transferred spectral weight. The
fitting curves match the data well, which further supports our
CF level scheme.
IV. CONCLUSION

In summary, the Raman scattering study of YbRu2 Ge2
focuses on the origin of the ferroquadrupolar transition, as
well as on the spectroscopy of phonons and CF excitations
within the 2 F7/2 ground multiplet of Yb3+ ion.
The deduced CF level scheme verifies the proposed quasiquartet ground state, and we estimate that the splitting between two quasidegenerate Kramers doublets is about 2 cm−1 .
The static electronic Raman susceptibilities in both the B1g
and B2g quadrupole channels essentially exhibit Curie law,
signifying relatively strong coupling to the lattice in the
B1g-symmetry channel that enhances the vanishingly small
electronic Weiss temperature to the temperature of quadrupole
phase transition at 10 K.
The temperature dependence of the energy and FWHM of
the observed phonon modes are described by the anharmonic
decay model. The integrated intensities of the A1g and Eg(2)
phonon modes show more than 50% enhancement on cooling,
which is explained by strong coupling between these phonons
and the CF transitions with similar energies.

(14)

where A and B are two constants, f (1) (T ) = 2/Z (T ) measures the occupancy of the 6(1) CF state, and f (2) (T ) =
2e−E4 /kB T /Z (T ) measures the occupancy of the 6(2) CF state.

Z = 2 4i=1 e−Ei /kB T is the partition function; E1 = 0 cm−1 ,
E2 = 2 cm−1 , E3 = 95 cm−1 , and E4 = 239 cm−1 are the energies of the CF levels (Table II).
In Eq. (14), the constant B represents the temperatureindependent spectral weight of the phonon mode. Without
the interaction v and in the absence of a phase transition, the
integrated intensity of the phonon modes is expected to be
temperature independent. The first term, which is temperature
dependent, can be interpreted as the spectral weight transferred from the CF mode to the phonon mode. This transferred
spectral weight is proportional to the occupancy of the ground
CF state 6(1) and the unoccupancy of the excited CF state 6(2) .
The constant A is a measure of the transferred spectral weight
at zero temperature [44].
Because of the phase transition at TQ = 10 K, Eq. (14) is
valid only above 10 K. In addition, group theory allows the
7(1) → 6(2) CF mode to couple to the Eg(2) phonon mode,
which is not considered by the simplified equation (14).
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APPENDIX A: THE EFFECT OF THE B2g
QUADRUPOLE-FIELD POTENTIAL

For completeness, we analyze here the effect of the B2g QF
potential on the ground quasiquartet. Following the treatment
in Sec. III C 1, we take H = HTetra + HB2g , where [45]
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V∗
V∗ 2
(Jˆx Jˆy + Jˆy Jˆx ) =
(Jˆ − Jˆ−2 ).
2
4i +

(A1)
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Therefore, for the same additional splitting of the ground
quasiquartet, the calculated ratio of QB1g to QB2g is 1.34. We
recall that the experimentally determined ratio of QB1g to QB2g
is 1.4. This consistency supports the assumptions made in
Eq. (10) and shows that the wave functions we use are close
to the real wave functions.
APPENDIX B: DERIVATION OF EQUATION (14)

The Hamiltonian of the coupled CF transition and phonon
mode can be written in second-quantization form as
H = ω1 â1† â1 + ω2 â2† â2 + ω p b̂† b̂ + v(â2† â1 − â1† â2 )(b̂† + b̂),
(B1)

FIG. 8. (a) The effect of the B2g quadrupole-field potential on the
ground quasiquartet. The 6(1) and 7(1) doublets of the D4h group are
mixed to form the 5(1)∗ and 5(2)∗ doublets of the D2h group. The
wave functions are expressed in the basis of |J = 7/2, mJ . (b) The
angular electron-cloud distribution of the 5(1)∗ and 5(2)∗ doublets
viewed from three orthogonal directions.

We find that for the B2g potential, V ∗ = 0.668 cm−1 renders a 2-cm−1 additional splitting of the ground quartet. On
the contrary, for the B1g potential V = 0.523 cm−1 renders
a 2-cm−1 additional splitting of the ground quartet. Hence,
a smaller B1g QF potential is needed to induce the same
additional splitting of the quasiquartet. This result is consistent with the conclusion that the coupling between the local
quadrupole moments and the lattice strain field is stronger in
the B1g channel than in the B2g channel.
In Fig. 8, we plot the angular electron-cloud distribution
of the ground quartet for V ∗ = 0.668 cm−1 . The charge distribution looks different from the [110] and [110] directions
because the 5(1)∗ and 5(2)∗ doublets carry B2g quadrupole
moment.
The traceless tensor of the electric quadrupole moments
[46], written in Cartesian coordinates with arbitrary units, for
the 5(1) wave function generated by the B1g field, Eq. (11), has
the following values:
⎛
⎞
0.655
0
0
⎝ 0
−0.346
0 ⎠
(A2)
0
0
−0.309
Hence, the magnitude of the B1g-symmetry electric
quadrupole moment QB1g of the charge distribution of the 5(1)
wave function has a value of 1.00 when V = 0.523 cm−1 .
The same tensor for the 5(1)∗ wave function generated by
the B2g field, Eq. (A1), has the following values:
⎛
⎞
0.176
−0.748
0
⎝−0.748
0.176
0 ⎠.
(A3)
0
0
−0.352
The magnitude of the B2g-symmetry electric quadrupole
moment QB2g of the charge distribution of the 5(1)∗ wave
function is 0.748 when V ∗ = 0.668 cm−1 .

where â† and â are fermionic creation and destruction operators and b̂† and b̂ are bosonic creation and destruction
operators. The first and second terms describe, respectively,
the energy of the lower and upper CF levels; the third term
is the phonon energy, and the last term is the coupling between
the CF transition and the phonon mode. The coefficient v
measures the strength of the coupling, which we take as a real
number.
The CF transition corresponds to a bubble-shaped Feynman diagram of the electron-hole pair. Neglecting self-energy,
the propagator has the following form:
P(ω, T ) =

f1 (T )[1 − f2 (T )] [1 − f1 (T )] f2 (T )
−
,
ω − (ωe − i )
ω + (ωe + i )

(B2)

where f1 (T ) and f2 (T ) are, respectively, the temperaturedependent occupancy of the lower and upper CF levels;
ωe = ω2 − ω1 is the energy of the CF transition, and is an
infinitesimal positive value.
The phonon propagator is
D(ω, T ) =

1 + n(ω p , T )
n(ω p , T )
−
,
ω − (ω p − i ) ω + (ω p + i )

(B3)

where n(ω p , T ) is the Bose distribution function.
The experimentally measured scattering rate I (ω, T ) has
the form
I (ω, T ) ∼

1
ImT † G(ω, T )T,
π

(B4)

where T † = (Tp Te ) is the vertex of the light scattering
and G(ω, T ) is the Green’s function of the Hamiltonian in
Eq. (B1). G can be obtained by solving the Dyson equation:
G(ω, T ) =

1
1 − P(ω, T )vD(ω, T )v
×

D(ω, T )
P(ω, T )vD(ω, T )

D(ω, T )vP(ω, T )
.
P(ω, T )
(B5)

In the following derivation, we assume v is small so that the
prefactor in the above expression can be replaced by unity.

235104-8

LATTICE DYNAMICS, CRYSTAL-FIELD EXCITATIONS, …

PHYSICAL REVIEW B 99, 235104 (2019)

Then the approximated form of I (ω, T ) is
1
Im[Tp2 D(ω, T ) + 2Tp Te D(ω, T )vP(ω, T ) + Te2 P(ω, T )].
π
By virtue of Sokhotsky’s formula
lim+
→0

(B6)

1
1
= p.v.
± iπ δ(ω ± ω0 ),
ω ± (ω0 − i )
ω ± ω0

(B7)

where p.v. stands for the principle value, we derive from Eq. (B6) the Stokes part of the scattering rate:
I (ω, T ) ∼ Tp2 [1 + n(ω p , T )]δ(ω − ω p ) + Te2 f1 (T )[1 − f2 (T )]δ(ω − ωe ) + 2Tp Te v[1 + n(ω p , T )] f1 (T )[1 − f2 (T )]


δ(ω − ω p ) δ(ω − ωe )
.
(B8)
×
+
ω p − ωe
ωe − ω p
Therefore, the phonon scattering rate Ip (ω, T ) is
Ip (ω, T ) ∼ Tp2 [1 + n(ω p , T )]δ(ω − ω p ) + 2Tp Te v[1 + n(ω p , T )] f1 (T )[1 − f2 (T )]
which can be arranged into
Tp2 [1



v
Te
+ n(ω p , T )] 1 + 2
f1 (T )[1 − f2 (T )] δ(ω − ω p ).
Tp ω p − ωe

The phonon response function χ p (ω, T ), in turn, is


Te
v
f1 (T )[1 − f2 (T )] δ(ω − ω p ),
χ p (ω, T ) ∼ Tp2 1 + 2
Tp ω p − ωe
and integration of χ p (ω, T ) yields the integrated intensity of the phonon mode II(T ):


Te
v
2
f1 (T )[1 − f2 (T )] .
II(T ) ∼ Tp 1 + 2
Tp ω p − ωe

δ(ω − ω p )
,
ω p − ωe

(B9)

(B10)

(B11)

(B12)

Equation (B12) can be cast in a phenomenological form:
II(T ) = A f1 (T )[1 − f2 (T )] + B,

(B13)

Te Tp v
ω p −ωe

where A ∼
and B ∼ Tp2 are two constants. Equation (B13) is the same as Eq. (14) used in the main text to fit the
experimentally measured temperature dependence of the integrated intensity of the A1g and Eg(2) phonon modes.
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